Several results on compactification of quasi-uniform hyperspaces are obtained. For instance, we prove that if C 0 (X) denotes the family of all nonempty closed subsets of a quasi-uniform space (X, U) and U H the Bourbaki quasi-uniformity of U, then (C 0 (X), U H ) is *-compactifiable if and only if (X, U) is closed symmetric and *-compactifiable and U −1 is hereditarily precompact. We deduce that for any normal Hausdorff space X, 2 βX is equivalent to the *-compactification of (C 0 (X), PN H ), where PN denotes the Pervin quasi-uniformity of X. : S 0 1 6 6 -8 6 4 1 ( 0 2 ) 0 0 1 0 2 -5 410 S. Romaguera, M.A. Sánchez-Granero / Topology and its Applications 127 (2003) [409][410][411][412][413][414][415][416][417][418][419][420][421][422][423] here with compactifications of quasi-uniform hyperspaces; more precisely, with the *-compactification of the Bourbaki quasi-uniformity-a question which seems of interest in the light of the recent contributions to the fields of quasi-uniform hyperspaces and quasiuniform compactifications, respectively (see Section 9 of [12], and [19]).
Introduction
As usual we denote by βX the Stone-Čech compactification of a Tychonoff space X and by 2 X the hyperspace of nonempty closed subsets of X with the Vietoris topology.
Compactification of hyperspaces has been investigated by several authors. In particular, Keesling [10] and Ginsburg [9] independently stated that if X is a normal Hausdorff space such that β(2 X ) = 2 βX , then 2 X is pseudocompact. Recently, and solving a question posed in [9] , Natsheh [17] proved that the converse of this result is true. We are concerned for each U ∈ U , U = {(F , G): F and G are minimal Cauchy filters on (X, U * ) such that F × G ⊆ U for some F ∈ F and some G ∈ G}.
A *-compactification of a T 1 quasi-uniform space (X, U) is a compact T 1 quasi-uniform space (Y, V) that has a τ (V * )-dense subspace quasi-isomorphic to (X, U). We say that a T 1 quasi-uniform space is *-compactifiable if it has a *-compactification.
Let (X, U) be a T 1 quasi-uniform space and ( X, U) its bicompletion. We will denote by G(X) the set of closed points of ( X, τ ( U)). Clearly G(X) = X whenever ( X, U) is a T 1 quasi-uniform space.
It is proved in [19] that if a T 1 quasi-uniform space (X, U) has a *-compactification, then any *-compactification of (X, U) is quasi-isomorphic to (G(X), U | G(X) ).
In the sequel the quasi-uniformity U| G(X) will be simply denoted by U if no confusion arises. Thus, if the T 1 quasi-uniform space (X, U) is *-compactifiable, (G(X), U ) will be called the *-compactification of (X, U). If the *-compactification of a *-compactifiable quasi-uniform space (X, U) is Hausdorff, we say that (X, U) is Hausdorff *-compactifiable.
For a topological space X, let P 0 (X) be the family of nonempty subsets of X, C 0 (X) the family of nonempty closed subsets of X, K 0 (X) the family of nonempty compact subsets of X and F 0 (X) the family of nonempty finite subsets of X.
The Bourbaki quasi-uniformity (or the Hausdorff quasi-uniformity) of a quasi-uniform space (X, U) is defined as the quasi-uniformity U H on P 0 (X) which has as a base the family of sets of the form
whenever U ∈ U [1, 16] .
The restriction of U H to C 0 (X), K 0 (X) and F 0 (X), respectively, is also denoted by U H if no confusion arises.
Here we prove that if (X, U) is a T 1 quasi-uniform space, then (C 0 (X), U H ) is *-compactifiable if and only if (X, U) is closed symmetric and *-compactifiable and U −1 is hereditarily precompact. The notion of a closed symmetric quasi-uniform space is here used in the sense of [4] (see Section 3 ). Furthermore, we show that if (C 0 (X), U H ) is *-compactifiable, then its *-compactification is quasi-isomorphic to (C 0 (G(X)), U H ). The corresponding situation for (K 0 (X), U H ) and (F 0 (X), U H ), respectively, is also explored. In particular, we prove that for a quasi-uniform space (X, U), (K 0 (X), U H ) is Hausdorff *-compactifiable if and only if (X, U) is Hausdorff *-compactifiable and U −1 is hereditarily precompact. From our methods and results we deduce the following description of 2 βX in terms of *-compactifications: if X is a Tychonoff space, then 2 βX is equivalent to the *-compactification of (C 0 (X), PN H ) if and only if X is normal.
Preliminary results
In this section we state several facts which will be useful to prove our main results. Lemma 2.1 [19] . A T 1 quasi-uniform space (X, U) is *-compactifiable if and only if it is point symmetric and its bicompletion is compact. Lemma 2.2. Let (X, U) be a T 1 quasi-uniform space such that U −1 is hereditarily precompact. Then (X, U) is *-compactifiable if and only if it is point symmetric and precompact.
Proof. The statement follows immediately from the preceding lemma and the corollary of Theorem 6 in [19] , because every quasi-uniform space (X, U) such that U −1 is hereditarily precompact, is Smyth completable (see Example 6 of [11] ). ✷
As an immediate consequence of the above lemma we obtain the easy but useful fact that every point symmetric totally bounded T 1 quasi-uniform space is *-compactifiable [19] . In particular, for each T 1 topological space X, (X, PN ) is *-compactifiable.
The proof of the following result is straightforward, so it is omitted.
It is easy to see that for each c ∈ C, c is a cluster point of (x λ ) λ∈Λ . We conclude that (X, U) is compact. The proof that U −1 is hereditarily precompact follows similarly to the first part of the proof of Proposition 5 of [15] . ✷ Lemma 2.5. Let (X, U) be a T 1 quasi-uniform space. Then the following statements are equivalent.
(1) (P 0 (X), U H ) is compact.
. This is Remark 1 of [14] .
(2) ⇒ (4). Lemma 2.4.
(1) ⇒ (2). The proof follows similarly to the proof of Remark 1 of [14] . ✷ Let (X, U) be a quasi-uniform space. In Proposition 1 of [16] and Remark 2 of [14] it was proved that (P 0 (X), U H ) is precompact if and only if (X, U) is precompact, and that (K 0 (X), U H ) is precompact if and only if (X, U) is precompact, respectively. A slight modification of the proofs of these results gives the following. Lemma 2.6. Let (X, U) be a quasi-uniform space and let M be such that F 0 (X) ⊆ M ⊆ P 0 (X). Then (M, U H ) is precompact if and only if (X, U) is precompact. Proposition 2.7. Let (X, U) be a quasi-uniform space and let M be such that F 0 (X) ⊆ M ⊆ P 0 (X). If (M, U H ) is *-compactifiable, then (X, U) is *-compactifiable and U −1 is hereditarily precompact. [13] . Thus U is precompact by Lemma 2.6. Now suppose that U −1 is not hereditarily precompact. Then there exist A ⊆ X, U 0 ∈ U and a sequence (a n ) n∈N 
By assumption, the sequence (A n ) n∈N clusters to some pointx in
In this case, we say that U is closed symmetric.
Clearly, every equinormal quasi-uniformity is closed symmetric, so the Pervin quasiuniformity of any topological space is closed symmetric.
Closed symmetric quasi-uniform spaces were originally called semi-symmetric. This property was introduced in [3] (see also [6] ), to study the equivalence between several notions of quasi-uniform completeness.
Proposition 3.1. A quasi-uniform space (X, U) is closed symmetric if and only if for each
Conversely, suppose that (X, U) is closed symmetric and let A ∈ C 0 (X) and U ∈ U (we can suppose, without loss of generality, that U(x) is open for each x ∈ X). Since
Let (X, U) be a closed symmetric and *-compactifiable quasi-uniform space. Then the map φ :
We conclude that φ is a quasi-isomorphism. ✷ Theorem 3.5. Let (X, U) be a T 1 quasi-uniform space. Then the following statements are equivalent. U) is closed symmetric and *-compactifiable and U −1 is hereditarily precompact.
Proof. (1) ⇒ (2). Obvious.
(2) ⇒ (3). Suppose that (C 0 (X), U H ) is *-compactifiable. Since by assumption (X, U) is a T 1 quasi-uniform space, F 0 (X) ⊆ C 0 (X), so by Proposition 2.7, (X, U) is *-compactifiable and U −1 is hereditarily precompact. Moreover, (X, U) is closed symmetric by Proposition 3.2.
(3) ⇒ (1). Suppose that (X, U) is closed symmetric and *-compactifiable and U −1 is hereditarily precompact. By Proposition 2.10, (C 0 (G(X)), U H ) is a compact T 1 quasi-uniform space such that F 0 (X) is dense in (C 0 (G(X)), ( U H ) * ). Now, if φ is the map of Proposition 3.4, we have F 0 (X) ⊆ φ(C 0 (X)) ⊆ C 0 (G(X)), so φ(C 0 (X)) is dense in (C 0 (G(X)), ( U H ) * ). By Proposition 3.4, (C 0 (X), U H ) is *-compactifiable and (C 0 (G(X)), U H ) is quasi-isomorphic to the *-compactification of (C 0 (X), U H ). ✷ Next we give a characterization of those quasi-uniform spaces (X, U) for which (C 0 (X), U H ) is Hausdorff *-compactifiable. The following observation will be useful. Remark 3.6. If (X, U) is a compact Hausdorff quasi-uniform space, then 2 X is a compact Hausdorff space, so (K 0 (X), U H ) is Hausdorff by Proposition 2.1 of [2] . Of course, K 0 (X) = C 0 (X) in this case. Lemma 3.7. Let (X, U) be a Hausdorff *-compactifiable quasi-uniform space. Then (K 0 (G(X)), U H ) is Hausdorff and K 0 (G(X)) = C 0 (G(X)).
Proof. By assumption (G(X), U) is a compact Hausdorff quasi-uniform space, so (K 0 (G(X)), U H ) is Hausdorff and K 0 (G(X)) = C 0 (G(X)) by Remark 3.6. ✷ Theorem 3.8. Let (X, U) be a T 1 quasi-uniform space. Then the following statements are equivalent.
(1) (C 0 (X), U H ) is Hausdorff *-compactifiable and the *-compactification (G(C 0 (X)), U H ) is quasi-isomorphic to (C 0 (G(X)), U H ).
(3) (X, U) is closed symmetric and Hausdorff *-compactifiable and U −1 is hereditarily precompact.
(2) ⇒ (3). Suppose that (C 0 (X), U H ) is Hausdorff *-compactifiable. By Theorem 3.5, (X, U) is closed symmetric and *-compactifiable and U −1 is hereditarily precompact. So, by applying Theorem 3.5 again, (G(C 0 (X)), U H ) is quasi-isomorphic to (C 0 (G(X)), U H ). Therefore (C 0 (G(X)), U H ) is Hausdorff and thus (G(X), U ) is Hausdorff. Consequently  (X, U) is Hausdorff *-compactifiable.
(3) ⇒ (1). By Theorem 3.5, (C 0 (X), U H ) is *-compactifiable and its *-compactification is quasi-isomorphic to (C 0 (G(X)), U H ). Since, by assumption, (G(X), U) is Hausdorff, Lemma 3.7 shows that (C 0 (G(X)), U H ) is Hausdorff. This completes the proof. ✷ Next we give an example of a totally bounded Hausdorff *-compactifiable quasiuniform space (X, U) such that (C 0 (X), U H ) is not *-compactifiable.
Recall (Proposition 7 of [19] ), that a point symmetric totally bounded T 1 quasi-Theorem 3.12. Let X be a Tychonoff space. Then 2 βX is equivalent to the *-compactification of (C 0 (X), PN H ) if and only if X is normal.
Proof. Suppose that X is normal. By Proposition 3.10 and Proposition 7 of [19] cited above, (X, PN ) is Hausdorff *-compactifiable, so (C 0 (X), PN H ) is Hausdorff *-compactifiable and its *-compactification is quasi-isomorphic to (C 0 (G(X) ), PN H ) by Theorem 3.8. Moreover, (G(X), τ ( PN ) ) is equivalent to the Stone-Čech compactification βX of X (Theorem 3.8 of [8] ). Since by Proposition 4(a) of [13] , (G(X), PN ) is totally bounded, it follows from Lemma 3.11 that PN H is compatible with the Vietoris topology of the (compact Hausdorff) space (G(X), τ ( PN )) on C 0 (G(X)). We conclude that 2 βX is equivalent to (C 0 (G(X)), τ ( PN H )), and thus it is equivalent to the *-compactification of (C 0 (X), PN H ).
Conversely, if 2 βX is equivalent to the *-compactification of (C 0 (X), PN H ), it follows that (C 0 (X), PN H ) is Hausdorff *-compactifiable. So, by Theorem 3.8, (X, PN ) is Hausdorff *-compactifiable, and thus, it satisfies condition ( ). Therefore, X is normal by Proposition 3.10. ✷ From Theorem 3.12 and the results of [9, 10, 17] , cited in Section 1, we deduce the following.
Corollary 3.13. Let X be a normal Hausdorff space. Then the Stone-Čech compactification of 2 X is equivalent to the *-compactification of (C 0 (X), PN H ) if and only if 2 X is pseudocompact.
It seems interesting to note that one can construct examples of point symmetric totally bounded Hausdorff quasi-uniform spaces (X, U) that are not Hausdorff *-compactifiable but (C 0 (X), U H ) is *-compactifiable. Example 3.14. Let X be a nonnormal Hausdorff topological space. Then (X, PN ) is not Hausdorff *-compactifiable by Proposition 3.10. It follows from Theorem 3.5 that (C 0 (X), PN H ) is *-compactifiable.
*-compactification of (K 0 (X), U H )
We start this section with an example of a compact totally bounded T 1 quasi-uniform space (X, U) such that (K 0 (X), U H ) is not a T 1 quasi-uniform space, and hence it is not *-compactifiable. (1) (K 0 (X), U H ) is *-compactifiable and the *-compactification (G (K 0 (X) U) is compact symmetric and *-compactifiable and U −1 is hereditarily precompact.
Proof.
(1) ⇒ (2). Obvious.
(2) ⇒ (3). Suppose that (K 0 (X), U H ) is *-compactifiable. Since F 0 (X) ⊆ K 0 (X), it follows from Proposition 2.7 that (X, U) is *-compactifiable and U −1 is hereditarily precompact. Moreover, (X, U) is compact symmetric by Proposition 4.4.
(3) ⇒ (1). Suppose that (X, U) is compact symmetric and *-compactifiable and U −1 is hereditarily precompact. By Proposition 2.10,
, and hence (K 0 (X), U H ) is *-compactifiable and its *-compactification is quasi-isomorphic to (C 0 (G(X)), U H ). ✷ Our next result characterizes those quasi-uniform spaces (X, U) for which (K 0 (X), U H ) is Hausdorff *-compactifiable. (1) (K 0 (X), U H ) is Hausdorff *-compactifiable and the *-compactification (G(K 0 (X)), U H ) is quasi-isomorphic to (K 0 (G(X)), U H ). U) is Hausdorff *-compactifiable and U −1 is hereditarily precompact.
(2) ⇒ (3). Suppose that (K 0 (X), U H ) is Hausdorff *-compactifiable. Clearly (X, U) is Hausdorff. So, by Theorem 4.7, (X, U) is *-compactifiable, U −1 is hereditarily precompact and (G(K 0 (X)), U H ) is quasi-isomorphic to (C 0 (G(X)), U H ). Therefore (C 0 (G(X)), U H ) is Hausdorff and thus (G(X), U ) is Hausdorff. We conclude that (X, U) is Hausdorff *-compactifiable.
(3) ⇒ (1). Suppose that (X, U) is Hausdorff *-compactifiable and U −1 is hereditarily precompact. By Proposition 2.10 and Lemma 3.7, (K 0 (G(X)), U H ) is a compact Hausdorff quasi-uniform space such that F 0 (X), and hence K 0 (X), is dense in (K 0 (G(X)), ( U H ) * ). Therefore (K 0 (X), U H ) is *-compactifiable and its *-compactification is quasi-isomorphic to (K 0 (G(X)), U H ). ✷ By Theorems 3.5, 4.7 and 4.8 it follows that if (X, U) is a Hausdorff quasiuniform space such that (C 0 (X), U H ) is (Hausdorff) *-compactifiable, then (K 0 (X), U H ) is (Hausdorff) *-compactifiable. The converse does not hold in general, even for totally bounded quasi-uniform spaces, as the non closed symmetric Hausdorff *-compactifiable quasi-uniform space (X, U d ) of Example 3.9 shows. Indeed (K 0 (X), (U d ) H ) is Hausdorff *-compactifiable by Theorem 4.8.
On the other hand, note that if (X, U) is a Hausdorff *-compactifiable quasi-uniform space such that U −1 is hereditarily precompact, then (X, U) is compact symmetric by Theorem 4.8 and Proposition 4.4. We shall show that actually each Hausdorff *-compactifiable quasi-uniform space is compact symmetric.
Let us recall [7] that a quasi-uniform space (X, U) is locally symmetric provided that for each x ∈ X, {U −1 (U (x)): U ∈ U} is a base for the τ (U)-neighborhood filter of x. It was shown in [3] that each closed symmetric regular quasi-uniform space is locally symmetric. Proposition 4.9. Each locally symmetric quasi-uniform space is compact symmetric. Remark 4.11. It is not difficult to show that each compact symmetric regular quasi-metric space is locally symmetric, and hence it is metrizable by Theorem 2.32 of [7] .
In [2] it was introduced the notion of a compactly symmetric quasi-uniform space in order to study completeness properties of the Bourbaki quasi-uniformity. It is easy to see that each compactly symmetric quasi-uniform space is compact symmetric. However, Example 2.3 and Proposition 2.12 of [2] show that there exists a compact Hausdorff quasimetric space, hence compact symmetric, that is not compactly symmetric.
We conclude this section with an example of a totally bounded compact symmetric (perfectly normal) Hausdorff quasi-uniform space that is not locally symmetric. Let P be all points p of the form p = ((j 1 , . . . , j n ), ((F i ) i∈N )) where n ∈ N and F i is a finite subset of N for all i ∈ N.
For each p ∈ P define: U p ((0, 0)) = X \ ((X j 1 ∪ · · · ∪ X j n ) ∪ {( 1 2 i , 1 2 k ): i = j 1 , . . . , j n ; k ∈ F i }), U p (( 1 2 k , 1 2 i )) = U p ((0, 0)) \ {(0, 0)} if k = j 1 , . . . , j n , and i / ∈ F k , (3) ⇒ (1). Suppose that (X, U) is *-compactifiable and U −1 is hereditarily precompact. From Proposition 2.10 it follows that (F 0 (X), U H ) is *-compactifiable and (C 0 (G(X)), U H ) is quasi-isomorphic to the *-compactification of (F 0 (X), U H ).
Finally, suppose that, in addition, (G(X), U ) is Hausdorff. Thus (C 0 (G(X)), U H ) is Hausdorff by Lemma 3.7. We conclude that then (F 0 (X), U H ) is Hausdorff *-compactifiable. ✷ Corollary 5.2. Let (X, U) be a compact T 1 quasi-uniform space with U −1 hereditarily precompact. Then (F 0 (X), U H ) is *-compactifiable and its *-compactification is quasiisomorphic to (C 0 (X), U H ).
